We discuss the assessment of breakdown probabilities by means of the up-and-down method. The exact maximum likelihood estimates for a number of response patterns are calculated for three different distribution functions and are compared with the estimates corresponding to the normal distribution. Estimates of the 50% probability breakdown voltage and of the scale parameter of the breakdown probability functions are inves tigated.
INTRODUCTION
N order to design insulation systems it is necessary I to assess the breakdown probability of the various insulation components of the system. The upand-down method is widely used for estimation of the 50% prob* bility breakdown voltage U50. The analysis may be extended to include estimates of the scale parameter U in the breakdown probability function. There are doubts, however, as to what extent these estimates are influenced by the proper choice of the underlying breakdown distribution function [l-41. The design of the up-anddown test ensures that the choice of the assumed distribution function has only a minor influence on the estimation of U~O .
The choice of distribution can, however, strongly affect the prediction of lower fractiles.
In a previous paper [5] the authors have compared the Dixon and Mood approximation to the maximum likelihood estimate with the exact maximum likelihood estimate [6,7] assuming a normal distribution for a number of response patterns. We concluded that, with digital computers readily available, a statistical analysis of a set of data obtained from an up-and-down test may just as well be performed directly from a maximum likelihood estimation, instead of applying the approximate method used by Dixon and Mood [8, 9] .
In the present paper the maximum likelihood estimates of U50 and U for a normal distribution of breakdown probabilities are compared with the maximum likelihood estimates of U50 and U for the following distributions of breakdown probabilities: a double exponential distribution, a logistic distribution [2,3], and a Weibull distribution with a shape parameter value of 5, in the following given the notation Weibull-5. The Weibull-5 distribution is very similar to the modified Weibull distribution curve proposed by Carrara [l] .
-25 voltage increment. Only one shot at a time is applied at a given level. The voltage level is then changed to Ai-1 if the application resulted in a breakdown, or to A j + l if the result was a withstand. A test sequence consists of a total of N voltage applications at I different voltage levels. The result of such a sequence can, without loss of relevant information, be summarized in a square matrix n,j with I rows and I columns. Each matrix element wj indicates the number of times the level has been changed from i to j. Consequently, all elements which are not of the form nj,j-1 or n j , j + l , are zero. For I = 5 the matrix will be of the form 
( It is seen that
The maximum likelihood estimates of U50 and U do not depend on the individual order of the breakdowns and withstands but only on the number of passages of each level as given by the square matrix. Furthermore, the estimate depends on the distribution that has been assumed for the estimation procedure.
Let P(Aj, p, a) denote the breakdown probability at level Aj in a distribution with 50% value p = U50 and scale parameter 6. The likelihood function corresponding to the observations ni,, is the probability of obtaining the observations, which can be written as I L ( p , a ) = n[{l -P(Aj,p1~)}"j~J+'P (Aj , p, ~)~j * j -' ] j = 1
(3)
The maximum likelihood estimates of p and a are the values of p and a maximizing L ( p , a ) . In practice it is simpler to maximize ln(L). Generally no explicit solution exists and hence the maximum has to be determined by numerical methods.
BREAKDOWN PROBABILITY FUNCTIONS
HE various probability distributions considered in T the present analysis have all been standardized such that they possess the same 50% value and the same slope at the 50% level as the normal distribution. The distributions under consideration are 
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standardized with 6 = p -ln(ln(2)) ln(2)ficr and Tables 1 and 2 show for seIected matrices rqj the exact values of the maximum likelihood estimates m and s, for N = 20 for a normal distribution of breakdown probabilities, for a double-exponential distribution of breakdown probabilities, a logistic distribution of breakdown probabilities and a Weibull-5 distribution of breakdown probabilities.
The data in Table 1 are limited to those 4th order square matrices which each represent not less than 100 individual sequences, and Table 2 is limited to those In order to facilitate the analysis, the following dimensionless quantities m and s are introduced 
AN ALY S IS
HE probability of obtaining a specific matrix de-T pends on the true distribution, the true values of U50 and U and on the values of A1 and d . When a specific distribution has been chosen for the estimation (not necessarily the true distribution) then the above probability is also the probability of obtaining a specific set of values (h, 0 ) as a maximum likelihood estimate. For a specific set of matrices this probability, and the corresponding set of numbers of different sequences which will lead to each specific matrix in the set, can be utilized to weight the maximum likelihood estimates (h, $) corresponding to the individual matrices. This weighted average of the various possible values of the maximum likelihood estimates will be denoted (m,,s,) For fixed values of N , At and d the sum of all the probabilities for all possible matrices, including the ones that have been omitted, will be unity.
In addition to the limitations already imposed on the sets of data under consideration we shall in the following analysis restrict ourselves to consider only such combinations of the true parameters m and s which associate a total probability larger than 5% with the sets of matrices under investigation. Each set TTQ st of the true values of m and s specify probabilities of occurrence for the individual matrices and for the corresponding values of the maximum likelihood estimates. The weighted averages of m, and se of the maximum likelihood estimates thus depend on the true values mt and s t .
Even when the distribution assumed in the estimation is the same as the true distribution there will usually be an estimation bias, with a magnitude depending on the true values of the parameters [5] . In general, m, and se will differ from described by the parameters and s t . This deviation can be for the position and for the scale. As stated above, the normal, the Weibull-5 and the logistic distributions lead to similar results. The Weibull-5 has zero probability below a certain level ( A < U50 -4.340) giving the impression of a safe lower limit.
Although such a limit is conceivable it has never been verified in practice. The normal and the logistic distributions do not give a finite high or low limit and follow each other rather closely. The logistic distribution is far the easiest to handle mathematically and can replace the normal distribution in any analysis in the field of insulation tests. Experimental results for impulse voltage breakdown characteristics for rod-rod gaps in a t m e spheric air [10, 11] show that the distribution function in the probability range from 1% to 99% is represented by a traditional normal distribution, but it might just as well be represented by a logistic distribution, more fitted for computer analysis.
DISCUSSION
F the step size d is greater than 1.50, then the esti-I mated scale parameters 9, are estimated with increasing bias from the true scale parameter st in the following order: the double exponential, the logistic, the Weibull-5, and normal distributions. It is surprising that the Weibull-5 distribution gives a better performance than the normal distribution, but the difference is marginal and probably connected with the special choice of patterns and the limited number of shots N = 20. There is no great difference between the estimation bias for the double exponential, the logistic, the normal, or the Weibull-5 distributions, independent of the combina tions of true and estimated distributions within these four distributions. 
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